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ABSTRACT
The DiskMass survey recently provided measurements of the vertical velocity dispersions of disk stars in a sample of nearly face-on
galaxies. By setting the disk scale-heights to be equal to those of edge-on galaxies with similar scale-lengths, it was found that these
disks must be sub-maximal, with surprisingly low K-band mass-to-light ratios of the order of M/LK  0.3 M/L. This study made
use of a simple relation between the disk surface density and the measured velocity dispersion and scale height of the disk, neglecting
the shape of the rotation curve and the dark matter contribution to the vertical force, which can be especially important in the case
of sub-maximal disks. Here, we point out that these simplifying assumptions led to an overestimation of the stellar mass-to-light
ratios. Relaxing these assumptions, we compute even lower values than previously reported for the mass-to-light ratios, with a median
M/LK  0.18 M/L, where 14 galaxies have M/LK < 0.11. Invoking prolate dark matter halos made only a small diﬀerence to
the derived M/LK , although extreme prolate halos (q > 1.5 for the axis ratios of the potential) might help. The cross-terms in the
Jeans equation are also generally negligible. These deduced K-band stellar mass-to-light ratios are even more diﬃcult to reconcile
with stellar population synthesis models than the previously reported ones.
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1. Introduction
The kinematics of disk stars perpendicular to the plane has
long been acknowledged to have great importance as a probe
of the surface mass density. Pioneered almost a century ago
by the works of Kapteyn (1922) and Oort (1932) in the Milky
Way, this led to a plethora of studies in the 1980s and be-
yond (van der Kruit & Searle 1981a,b, 1982; Bahcall 1984;
Bienaymé et al. 1987; van der Kruit 1988; Kuijken & Gilmore
1989; Bottema 1993; Creze et al. 1998; Holmberg & Flynn 2000;
Siebert et al. 2003; Herrmann et al. 2008, 2009; Herrmann &
Ciardullo 2009a,b; van der Kruit & Freeman 2011; Bovy & Rix
2013; Bienaymé et al. 2014), culminating, for external galaxies,
with the recent work from the DiskMass Survey (Bershady et al.
2010a, 2011; Martinsson et al. 2013a,b).
When computing the disk surface density from a measure-
ment of the vertical gravitational field profile, the recovered sur-
face density can be well approximated − at least close to the
mid-plane − by the cylindrical Poisson equation:
2πGΣ(z) ≡ 2πG
∫ |z|
−|z|
ρ(z)dz = |Kz| − |z| 1R
∂
∂R
(RKR). (1)
Here the surface density and gravitational field profiles are gen-
eral and are comprised of stars, gas, and dark matter (DM) com-
ponents. By neglecting the second term (radial derivative) of the
right-hand side of Eq. (1) and assuming no DM or gas, van der
Kruit (1988) noted that the stellar vertical gravitational field pro-
file of a vertical exponential stellar disk is
|Kz |(R, z) = 2πGΣ(R)[1 − ζ(z)], (2)
where ζ(z) = exp(−|z|/hz), and hz is the scale height of the stars.
Using the Jeans equation and neglecting the small cross-term
σRz, this gravitational field can be used to find the stellar vertical
velocity dispersion integrated over z,
σz,(R)2 =
∑
i
σiz,(R)2, (3)
with
σiz,(R)2 =
1
2hz
∫ ∞
−∞
[∫ ∞
z
ζ(z′)Kiz(R, z′)dz′
]
dz. (4)
Here i is used to denote the component that is contributing to the
stellar velocity dispersion. If i = , then this gives the contribu-
tion to the stellar vertical velocity dispersion from the gravita-
tional field of stars, but if i = DM, then it gives the contribution
to the stellar vertical velocity dispersion from the gravitational
field of DM. The subscript , on the other hand, refers to the
fact that we use the stellar vertical velocity dispersions as tracers
of the gravitational potential, and thus only the stellar vertical
distribution, ζ, is relevant.
For the pure double exponential stellar disk of van der Kruit
(1988), this leads simply to
Σ(R) =
σz,(R)2
1.5πGhz
· (5)
Of course, the purely stellar contribution,σz, to the total vertical
velocity dispersions, σz,, is not directly measurable, therefore,
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assuming that the DM component is negligible near the disk-
plane, but taking into account the contribution of the atomic and
molecular gas (which lie in very thin disks), Σatom and Σmol, the
stellar surface density is most often generalized to
Σ(R) =
σz,(R)2
1.5πGhz
− Σmol(R) − Σatom(R). (6)
Dividing the derived stellar surface density by the stellar surface
brightness gives the stellar mass-to-light ratio M/L = Σ(R)I(R) .
However, we note that in reality, this Σ still includes a (gener-
ally assumed to be small) DM component.
This relationship of Eq. (6) has been used in several studies
of the disk surface density of nearly face-on galaxies, such as
Bottema (1993), Gentile et al. (2015) and the DiskMass Survey
(Bershady et al. 2010a, 2011 and Martinsson et al. 2013a,b; here-
after M13a and M13b) and is generally assumed to be a valid
approximation. Noteworthy among the aforementioned studies
is the DiskMass Survey, which is a multi-wavelength kinematic
survey of nearly face-on galaxies. Their goal was to unambigu-
ously dynamically measure the mass of the stellar disk by simul-
taneously measuring the galaxy rotation curve and the vertical
velocity dispersions of the old disk stars, as well as the stellar
surface brightness profile and the disk inclination. Combining
the data sets allowed them to break the disk halo degeneracy
(van Albada et al. 1985; Gentile et al. 2004; Bershady et al.
2011). The observed stellar surface brightness for each galaxy
was fit with an exponential disk with scale length hR. The scale
height, hz, was inferred from scaling relations of edge-on galax-
ies (Kregel et al. 2002; Bershady et al. 2010b).
Using the simple method outlined above, they concluded
from a sample of 30 galaxies that galaxy disks are much lighter
than previously thought, since the derived mass-to-light ratios
were roughly half those predicted from models of stellar popu-
lation synthesis (e.g. McGaugh & Schombert 2014), and that the
disks were highly sub-maximal. However, with ever-decreasing
uncertainties on all component parts, it is worth establishing if
the approximation used above allows the stellar surface density,
and thus the mass-to-light ratios, to be accurately recovered.
The central point is thus the validity of Eq. (6). To derive it,
the second term of Eq. (1) was neglected, which may be signif-
icant when the rotation curve is sharply varying. What is more,
it is important to remember that the first term on the right-hand
side of Eq. (6) is in principle comprised of all matter types in-
cluding DM, which is not subtracted by the two following terms.
While this is a reasonable assumption in the case of maximum
disks, the fact that the DiskMass result implies sub-maximality
renders this assumption questionable.
Since the data from the DiskMass survey are not yet publicly
available, here only quantities published in M13a and M13b are
used. For each of the 30 galaxies in their sample, the fitted DM
halo parameters, exponential stellar disk parameters, and the de-
rived mass-to-light ratios are used. This should provide a large
enough sample to clarify the importance of the two aforemen-
tioned issues. In Sect. 2 we briefly review the importance of the
radial term in the Poisson equation. In Sect. 3 the stellar mass-
to-light ratios are re-derived using the Jeans equation and taking
into account the DM distribution’s influence on the stellar veloc-
ity dispersions. In Sect. 4 the conclusions are presented.
2. Deriving the disk surface density
The rotation curve often significantly varies at the radii
where the DiskMass Survey galaxies have measured velocity
dispersions, mostly 0.5hR < R < 2hR, meaning that neglecting
the radial term in the Poisson equation (as was done to obtain
Eq. (6)) could lead to systematics. To recall the importance of
these errors for the DiskMass galaxies, we calculate the derived
dynamical surface densities for two approximations.
The first approximation to the surface density is equivalent
to the approximation used by the DiskMass Survey, in the sense
that both approximations neglect the radial derivatives in Eq. (1).
This is found from
2πG [Σ(z) + ΣDM(z)] ∼ |Kz | + |KDMz |, (7)
which can be evaluated at any chosen radius, R, and z = 3hz. The
height of 3hz ensures that 95% of the stellar mass is accounted
for and is similar, in most cases, to the 1.1 kpc that is standard for
estimating the surface density of the Milky Way (see e.g. Bovy
& Rix 2013).
Here we include DM to make the scenario more realistic
and to avoid the misunderstanding that any errors come from
the Keplerian decline of the stellar contribution to the rotation
curve. This requires the vertical gravitational field profile for the
DM halo and a double exponential disk (see Kuijken & Gilmore
1989). The pseudo-isothermal sphere DM halo parameters and
the stellar disk scale lengths and scale heights can be found in
M13a (their Table 1). The stellar mass-to-light ratio adopted here
for each galaxy is simply the one derived by M13a (their Table 6,
second column). This approximation is roughly equivalent to
that which gives Eq. (6) because that equation uses measured
velocity dispersions (generated by the true double exponential
disk vertical gravitational field) and an incomplete formula to
derive the surface density, whereas Eq. (7) uses the true double
exponential disk vertical gravitational field and a formula with
the same flaw to derive the surface density.
The second approximation to the surface density uses
2πG [Σ(z) + ΣDM(z)]  |Kz | +
∣∣∣KDMz ∣∣∣
−|z| 1
R
∂
∂R
[
R
(
KR + K
DM
R
)]
, (8)
which is just an expanded version of Eq. (1) and thus accounts
for the otherwise neglected radial derivatives term in the Poisson
equation. The ratios of these two approximations with respect to
the true surface density, Σ(z = 3hz) + ΣDM(z = 3hz), are plotted
in Fig. 1.
In all cases, Eq. (8) (black lines) recovers the actual total sur-
face density to better than a few percent at R > hR/2. Neglecting
the radial derivatives (red lines) produces large errors. Including
only data beyond the bulge radius, these errors are on average
30% at R = hR and 35% at R = hR/2. This means that the approx-
imation of Eq. (6) used by the DiskMass survey under-estimates
the surface density (of stars+DM, the DM being assumed negli-
gible in the DiskMass analysis) by a significant amount. Very
little diﬀerence is found if the surface density within a fixed
height like 1.1 kpc is considered, or if we only treat the stellar
component.
3. Subtracting the dark matter contribution
in sub-maximal disks
The large discrepancy between the first and second approxima-
tions to the surface density provides the motivation to re-derive
the stellar mass-to-light ratio with a diﬀerent method that is not
aﬀected by the neglected terms in the Poisson equation and ac-
counts for the DM close to the disk.
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Fig. 1. Ratio of the approximate total surface density to the true surface
density as a function of radius. Each line represents the ratio of an ap-
proximate total surface density to the true total surface density within
3hz of the mid-plane for each galaxy as a function of radius. The black
lines account for the radial derivatives in the Poisson equation (Eq. (8))
and the red lines neglect them (Eq. (7)). At radii where the bulge is
significant, the red lines turn blue.
The influence of the DM component on the stellar mass-to-
light ratios of the DiskMass Survey galaxies was previously in-
vestigated by Swaters et al. (2014). There, the correction for DM
followed the strategy of Bottema (1993), which depends on the
estimated DM density in the mid-plane, which is not ideal. It
also relies on an incomplete estimation of the stars+DM sur-
face density from Eq. (6). They found that accounting for DM
reduced their original average mass-to-light ratio from 0.3 to a
stellar mass-to-light ratio of 0.24, but expect a larger decrease if
a more rigorous approach was applied.
The approach used here is to compute the expected contribu-
tion to the stellar velocity dispersion from the DM halo gravity
and the disk gravity, respectively. This is done using the Jeans
equation, Eq. (4). We note that the contribution of the gravita-
tional field generated by each matter type to the stellar veloc-
ity dispersion is modulated by the vertical range of the old disk
stars, ζ, in Eq. (4).
Although the stars typically outweigh the DM in the mid-
plane, the vertical component of the DM gravitational field can
often reach parity at about one scale height. Obviously, this will
be even more severe when the stellar mass-to-light ratio is low.
This is illustrated in Fig. 2, which shows the weighted verti-
cal force ζ(z)Kz(z) for the stellar disk and DM halo compo-
nents. For the stellar contribution, the M/L from M13a is used
(and hence is most often sub-maximal) and the DM halo is the
pseudo-isothermal sphere fitted by M13a to the rotation curve
(see their Table 6, Cols. 4 and 5). This is given for one of the
more DM-dominated galaxies, UGC 3091, and one of the most
disk-dominated galaxies, UGC 3140.
In Fig. 3 the contribution to the stellar vertical velocity dis-
persion profile from the DM gravitational field is compared with
the stellar contribution. They are computed using the DM and
stellar vertical gravitational field profile as the input to Eq. (4),
respectively. For UGC 3091, the DM gravitational field domi-
nates the induced stellar vertical velocity dispersion at all radii,
Fig. 2. Vertical gravitational field modulated by the vertical stellar den-
sity profile as a function of the height above the disk at R = 2.2hR. The
solid lines correspond to UGC 3091 and the dashed lines to UGC 3140.
The red lines reflect the stellar gravitational field, the black lines reflect
the DM, and the blue lines are the sum of the black and red lines.
Fig. 3. Contribution from diﬀerent components to the model verti-
cal velocity dispersions for two galaxies UGC 3091 (solid lines) and
UGC 3140 (dashed lines). The black lines correspond to the contri-
bution to the galaxy’s stellar vertical velocity dispersion from DM,
whereas the red lines are the stellar contribution.
and thus should certainly not be ignored. We recall that the
DiskMass strategy was to measure the stellar mass-to-light ratio
by assuming a negligible contribution of the DM gravitational
field to the velocity dispersion. On the other hand, for UGC 3140
the DM gravitational field contribution to the stellar velocity dis-
persion is irrelevant at most radii.
3.1. Re-deriving the stellar mass-to-light ratios
The total measurable stellar vertical velocity dispersion should
thus be σtotz,(R)2 = σz,(R)2+σDMz, (R)2+σgasz,(R)2. In the absence
of the measured stellar velocity dispersions for each galaxy, a
substitute must be used. The stellar velocity dispersion data, as a
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function of radius, are generally well fit by an exponential profile
of the form
σtotz,(R) = σtotz,(0) exp(−R/hσ), (9)
and for this reason, M13b modelled each of the 30 galaxies to
find the best fit σtotz,(0) and hσ (see Table 6 of M13b). Therefore,
instead of the individual stellar velocity dispersion data points,
the best-fit exponential profile using Eq. (9) is evaluated over a
particular radial interval. These “data points” are fitted with the
combined DM and stellar model velocity dispersions where the
only free parameter is the stellar mass-to-light ratio. The poten-
tial of the DM halo and of the exponential disk are exact solu-
tions of the Poisson equation, and hence take into account the
radial derivative term by construction. The velocity dispersion
exponential profiles from Eq. (9) include a typically small com-
ponent of atomic and molecular gas that is not explicitly mod-
elled here. To account for it, an amount equal to its contribution
to the dynamical mass-to-light ratio in M13a (figures in their at-
las A3) is subtracted from our fitted mass-to-light ratios. This is
generally around 0.1.
The default radial interval for comparison is [0.5−3] × hR,
where the majority of the DMS galaxies have measured stel-
lar velocity dispersions. Each radius in the interval is given the
same weighting. In practice this means that we compute the χ2
between the model and observed stellar vertical velocity disper-
sions at several discrete radii in the interval. This is slightly dif-
ferent to M13a since their error bars scale with radius. We com-
pute the mass-to-light ratio for four scenarios and plot them in
Fig. 4:
(i) The first case is analogous to the DiskMass approach (violet
lines), where both the contribution of the DM gravitational
field and the second term of Eq. (1) are neglected. In this
case, the model vertical velocity dispersion is found from
Eq. (6), which allows us to deduce the best-fit mass-to-light
ratio from comparison with the data. These lines agree well
with the majority of the DMS data points (filled black cir-
cles with error bars). This suggests that using the gravita-
tional field from the fitted exponential disk instead of the
numerically computed gravitational field from the observed
surface brightness is a minor concern. This also applies to
using Eq. (9) instead of the measured data points.
(ii) For the second case, DM is still neglected, but the Jeans
equation (Eq. (4)) is used to find the model velocity dis-
persions from the true double exponential stellar disk grav-
itational field. Thus the second term of Eq. (1) is implicitly
accounted for. These model vertical velocity dispersions are
then used to find the best-fit mass-to-light ratio. The blue
lines corresponding to this scenario identify mass-to-light ra-
tios that are typically 0.1 higher than the violet lines. This,
however, would assume that disks are maximal, which they
cannot be because of the need to simultaneously fit the rota-
tion curve (with an inclination chosen to be compatible with
the luminous Tully-Fisher relation as in the DiskMass study).
(iii) For the third scenario, the model vertical velocity dispersions
take into account the neglected terms in the Jeans equation
and the DM halo that M13a used to fit the rotation curves
and the stellar disk gravitational field (given a mass-to-light
ratio). Those rotation curve fits assumed the mass-to-light ra-
tios found by M13a. In our fit, the stellar mass-to-light ratio
is a free parameter. Again, the model vertical velocity dis-
persions are computed from the true double exponential stel-
lar disk gravitational field and the fixed DM halo. Now there
are 14 out of 30 galaxies that have stellar mass-to-light ratios
Fig. 4. Mass-to-light ratios derived using the four methods described in
Sect. 3.1 for all 30 galaxies from Martinsson (2013a). Black circles,
with associated error bars, are the stellar mass-to-light ratios derived
by Martinsson (2013a) for all 30 galaxies of the DiskMass Survey. The
violet lines (case 1 from Sect. 3.1) are the mass-to-light ratios we found
using the DiskMass Survey method (Eq. (6)). The blue lines (case 2
from Sect. 3.1) are the mass-to-light ratios found while accounting for
the second term in the Poisson equation (Eq. (1)), but not the DM. The
red lines (case 3 from Sect. 3.1) are the fitted stellar mass-to-light ratios
after accounting for the second term in the Poisson equation and the
DM needed to fit the original rotation curve (using the original mass-
to-light ratio). The dashed black line (case 4 from Sect. 3.1) goes one
step further and identifies the increased DM density required to oﬀset
the decreased stellar contribution to the rotation curve from the red line.
The actual stellar mass-to-light ratio is then found iteratively. Each line
has had the mass attributed to the molecular and atomic gas subtracted.
Negative stellar mass-to-light ratios are fixed to zero.
lower than 0.11 and only 3 galaxies have stellar mass-to-light
ratios greater than 0.4.
These recovered stellar mass-to-light ratios are significantly
lower than those found by the DiskMass Survey (M13a) be-
cause the DM gravitational field is in many cases the dom-
inant contributor to the stellar vertical velocity dispersion.
This is not unexpected since, even in the galactic mid-plane
between R = hR and 3hR, the DM density is typically only
a factor of 1.5−3 lower than the stellar density, and declines
more slowly with height. We note, however, that these new
lower mass-to-light ratios are only upper limits because they
do not take into account the fact that the DM halo itself now
has to be made more massive to still fit the rotation curve.
(iv) The last case considered includes the rescaling of the DM
halo mass necessary to still fit the rotation curve after reduc-
ing the mass-to-light ratio. For this, we consider the contribu-
tion to the total circular velocity from stars and DM at 2.2hR,
V and VDM, and transfer the loss in V2 (from reducing the
mass-to-light ratio) to the mass of the DM halo. This factor is
then used to linearly increase the vertical gravitational field
from the DM halo. The process is iterated such that the final
M/L ratio (dashed black line in Fig. 4) is M/Li→∞, with
(M/L)i = (M/L)i−1 −
[
V
VDM ((M/L)i−2 − (M/L)i−1)
]2
(M/L)0 , (10)
where (M/L)0 is the original DiskMass mass-to-light ratio
(filled circles in Fig. 4) and (M/L)1 the one from case 3
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above. This iteration is not done for the galaxies where
(M/L)1 > (M/L)0 since their DM contribution should actu-
ally be reduced, nor for UGC 8196 (number 30 in Fig. 4) for
which the iteration does not converge. The drop compared
to case 3 is nevertheless relatively minor, as can be seen in
Fig. 4 by comparing the red and dashed black lines. The me-
dian stellar mass-to-light ratios for cases 3 and 4 are 0.19 and
0.18, respectively, and the means are 0.2 and 0.19.
The uncertainties on the best-fit stellar mass-to-light ratios are
assumed to be roughly equivalent in size to those of M13a since
the data, and not the method, are still the dominant source of
error. To check the impact of the chosen radial interval for com-
paring the measured and model stellar velocity dispersions, the
best-fit mass-to-light ratio in each scenario was also computed in
the interval [1−3] × hR, [0.75−2] × hR in addition to the default
[0.5−3] × hR. There was little diﬀerence, suggesting the radial
interval for comparison does not meaningfully aﬀect the results.
3.2. Shape of the DM halo
In the above analysis, we have focused exclusively on spheri-
cal DM halos. There is, however, evidence from N-body sim-
ulations on cluster scales that halos have significant departures
from spherical symmetry (e.g. Frenk et al. 1988). Bullock (2002)
found that Milky Way-scale halos were slightly less flattened
than their cluster-scale equivalents. More recent studies using
the Aquarius simulation (Vera-Ciro et al. 2011) found evidence
for oblate halos, but showed that the degree of non-sphericity
varies with redshift and radial shell, as well as from halo to halo.
In our case, the presence of oblate halos (elongated along
the disk plane) would compound the problem, but prolate (elon-
gated in the vertical direction) halos could allow the mass-to-
light ratios to increase by lowering the DM mass density in the
disk midplane. To test the strength of this eﬀect, we followed the
strategy of Helmi (2004), who stretched the potential in the ver-
tical direction by a factor q. This means the pISO gravitational
potential becomes
Φ(R, z) = 2πGρ0r2c
⎡⎢⎢⎢⎢⎢⎣ln
⎛⎜⎜⎜⎜⎜⎝1 +
(
r′
rc
)2⎞⎟⎟⎟⎟⎟⎠ + 2 rcr′ arctan
(
r′
rc
)⎤⎥⎥⎥⎥⎥⎦ , (11)
where r′ =
√
R2 + z2q2 .
We do not stretch the mass distribution because this would
modify the rotation curve (i.e. the gravity profile in the disk mid-
plane). The drawback of our approach is that the density varia-
tion, as a function of radius and height above the disk, relative
to the spherical halo, is not straightforward. However, in general
the average density is increased in proportion to the potential
scaling. Helmi (2004) stated that stretching the potential by fac-
tors q = 1.125 and 1.25 is roughly equivalent to average density
profile axis ratios of q˜ = 1.25 and 1.67, respectively.
In Fig. 5 we compare the mass-to-light ratios derived from
equivalents of case 4 for q = 1, 1.125 and 1.25 (solid, dotted,
and dashed lines, respectively). A significantly prolate halo, with
q = 1.25 can increase the mass-to-light ratios of certain galaxies
usually by between 0.05 and 0.1 and at most 0.15. However, it
still leaves more than 20 out of 30 galaxies with M/LK < 0.3
and 6 galaxies with M/LK < 0.1.
3.3. Cross-terms in the Jeans equation
Finally, we checked the influence of the neglected cross-term
σ2Rz in the Jeans equation (see e.g. Kuijken & Gilmore 1989,
Eq. (4)). This cross-term is of course zero for a pure disk po-
tential. Kuijken & Gilmore (1989) suggested that an upper limit
Fig. 5. Derived stellar mass-to-light ratios for case 4 using diﬀerent
shapes of DM halos. As per Eq. (11), we use prolate halos with q = 1,
1.125 and 1.25 (solid, dotted and dashed line, respectively). The origi-
nal data points from Martinsson et al. (2013a) are given for reference.
Fig. 6. Percentage error upper limit as a function of radius in the derived
stellar vertical velocity dispersion by either neglecting the cross-terms
in the Jeans equation, or including them. This is shown for all 30 galax-
ies assuming zero stellar mass-to-light ratios and the DM halo profiles
fitted by Martinsson (2013a).
for the influence of the cross-term can be found by considering
a spherical potential, which would be the case for the ultra-low
stellar mass-to-light galaxies found here.
We solved their Eq. (50) to find the stellar vertical velocity
dispersions for all 30 galaxies, with the stellar-mass-light ratio
set to zero. In Fig. 6 we compare this stellar vertical velocity
dispersion with the one found ignoring the cross-term. The per-
centage errors suggest that for R = 0.5hR including the cross-
terms decreases the model velocity dispersions by between 5 and
14%, thus this would slightly increase the fitted stellar mass-to-
light ratios. For R ≥ 0.75hR the percentage errors are lower than
8% and for R > hR they are basically irrelevant relative to the
much larger observational errors.
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4. Conclusions and discussion
Vertical stellar velocity dispersions can be a powerful tool to es-
timate the stellar mass-to-light ratio in the disks of nearly face-
on galaxies, and they do not suﬀer from the disk-halo degen-
eracy. However, the observations of such external galaxies are,
in principle, now accurate enough to require modelling beyond
the zeroth-order approximation, which consists of using Eq. (6).
Here we recalled the well-known problem of using Eq. (6) to es-
timate the surface density of a galaxy, both because it neglects
the radial derivative term of the Poisson equation and because
the DM gravitational field can provide an important contribution
to the stellar velocity dispersions, especially when the disks are
sub-maximal, as the DiskMass survey results imply.
The main point of this article was to show that the small,
measured vertical velocity dispersions of the DiskMass sur-
vey lead to an iterative reduction of the mass-to-light ratio.
Assuming no DM, they imply rather low stellar mass-to-light
ratios, but this in turn requires heavy DM halos to fit the ro-
tation curves. The vertical gravitational field of the DM then
contributes to the vertical stellar velocity dispersion, meaning
that the stellar mass-to-light ratio must be decreased again. This
moreover requires an even heavier DM halo to fit the rotation
curve. Once the process converges, the actual stellar mass-to-
light ratios drop to a median value of 0.18, or 0.19 on average.
This is significantly lower than the 0.3 value originally found by
the DiskMass Survey in the absence of DM and the 0.24 found
when the DM contribution was subtracted in a manner that was
not fully self-consistent.
Prolate DM halos, possible from cosmological simulations,
would decrease the DM density in the mid-plane. We stretched
the potential in the vertical direction by a factor q = 1.125 and
1.25 and found that using q = 1.25, which is roughly equivalent
to an average density profile axis ratio of q˜ = 1.67, made only
a small diﬀerence to the mass-to-light ratios – a typical increase
of between 0.05 and 0.1. This still leaves more than 20 out of
30 galaxies with mass-to-light ratios lower than 0.3 and 6 with
ratios lower than 0.1. Extreme prolate halos (q > 1.5) could play
a more significant role in increasing the mass-to-light ratios.
We checked that the cross-terms in the Jeans equation were
insignificant at radii beyond hR/2 using the method of Kuijken
& Gilmore (1989).
We note that the K-band stellar mass-to-light ratios appear to
be significantly non-uniform from one galaxy to another, in stark
contrast with predictions from population synthesis models. For
instance, 14 galaxies have stellar mass-to-light ratios lower than
0.11, 12 of which are lower than 0.03. The bulk of the rest are
between 0.16 and 0.38, but the highest is 0.74. In addition to the
variation, the absolute values of the stellar mass-to-light ratios
are also surprisingly low. Indeed, adopting the V band as a
reference point – based on Milky Way stellar counts – McGaugh
& Schombert (2014) showed that to yield self-consistent galac-
tic stellar masses in diﬀerent bands, the value M/LK = 0.6
was preferred. This value is generally consistent with maximal
disks, which is also consistent with the Milky Way dynamical
analyses (Bovy & Rix 2013). It would nevertheless require a
>30% increase of the stellar velocity dispersions measured by
the DiskMass survey.
The present results could suggest that galaxies are remark-
ably non-uniform in terms of their stellar mass-to-light ratios
and that they are in stark conflict with the models of stellar pop-
ulation synthesis, or that the DM halos are highly non-spherical
and therefore do not contribute much to the vertical gravitational
field close to the disk while allowing for a high circular veloc-
ity. Alternatively, the measured stellar velocity dispersions of the
DiskMass survey might have been under-estimated by >30%.
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